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Epoch. 

Observer. 


tc 

B 0 —6 c 

Po 

pc 

Po-pc 

1872-33 

Wilson & Seabroke 64*8 

64-25 

+ 0-55 

2 30 

2*37 

-0*07? 

872-37 

Talmage 

67-3 

64-27 

+ 3'03 

— 

2*37 

— 

1 873-23 

Wilson & Seabroke 64 0 

64*80 

— o*8o 

2 05 

2*38 

-0*33 

I873-35 

99 

65*0 

6487 

+ 0*13 

2 OO 

2*38 

-038 

1874-32 

99 

65*5 

65-45 

+ 0*05 

2*15 

240 

“0*2 S 

1874-32 

Talmage 

69*8 

65-45 

+ 435 

1*08? 

240 

-1*32? 

1874-41 

Wilson & Seabroke 64*2 

65-50 

-1*30 

2*16 

240 

— 0*24 

1875-31 

Schiaparelli 

66*6 

6603 

+ 0-57 

2*00 

2*42 

-042 

j 876*36 Wilson & Seabroke 67-2 

6664 

+ 0*56 

215 

2*44 

— 0*29 

187641 

>> 

66*5 

66*67 

— 0*17 

2*21 

2*45 

— 0*24 

187940 

Hall 

689 

68*40 

+ 050 

273 

2*50 

—017 

1879-470 

Schiaparelli 

67*98 

68*40 

— 042 

2*462 

2*50 

— 0*038* 

1882467 

99 

69-38 

70*00 

— 062 

2*314 

2*55 

-0*236, 

1883*21 

Engelmann 

70*44 

7043 

+ 0*01 

2*623 

2*56 

+ 0*063 

1887*213 

Tarrant 

7244 

72*52 

— 0*08 

2*62 

2*62 

000 

1887*356 

Young 

7275 

72*59 

+ 0*16 

279 

2*62 

+ 0*17 


I have computed the following short ephemeris:— 


Date. 

Position Angle. 

Distance. 

18900 

73*91° 

2’73" 

1895*0 

76-32 

278 

19000 

78-64 

2*83 


On the Formulce for Correcting Approximate Elements of the Orbits 
of Binary Stars. By A. Marth. 

The present communication, a supplement of the paper in the 
April number of the Monthly Notices , pp. 333-46, is intended to 
point out the alterations and modifications of the formulae there 
given, which render them applicable to the orbits of binary stars ? 
and to offer some remarks connected therewith. 

While in the case of the orbit of a satellite belonging to the 
solar system the apparent orbit, or the projection of the true 
orbit on a plane perpendicular to the line of vision, changes con- 
tinually with the changing position of the Earth relative to the 
planet, in the case of a binary system the plane of projection 
remains unaltered, and may therefore properly be adopted as 
the plane to which the plane of the orbit is referred. 

Eet S3 0 denote the position-angle of the line of nodes of th© 
two planes, reckoned from the declination-circle passing through 
the star at the time t Q , £ the same angle reckoned from the 
declination-circle at the time t , so that 

& = & 0 + o°-oo557 sin a .sec 5 . (t — 1 0 ). 
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June 1887. Approximate Elements of Binary Stars. 

Let i be tbe inclination of the two planes, and let it be taken 
between o° and 90°, if the apparent motion of the comes is in 
the direction of ^creasing position-angles, and between 90° and 
180 0 , if the motion is in the direction of decreasing position- 
angles, so that there may be no need to make a distinction 
between direct and retrograde motion in the orbit. 

Further, let w denote the angle between the node and the 
lower apsis in the direction of the real motion in the orbit ; 
e = sin (j) the eccentricity; a the major semi-axis of the orbit, 
expressed in seconds of arc ; ap the radius vector, /*,, e, v the 
mean, eccentric, and true anomaly of the comes at the time t ; 
jjl 0 its mean anomaly at the time t 0 ; n its yearly mean orbital 
motion. 

The true anomaly v of the comes and its radius vector p, 
expressed in parts of a, being found by the usual formulae 

e — e° .sin e = p = p 0 + n(t—t Q ) e° = $y°'2^6 . e, 

p sin v = sin e. cos <£> 
p cos v = cos e — e, 

the values of the position-angle jp and of the distance s of the 
comes for the time t are found by 

sin <r sin (p— £) — sin (v + w) cos i 
sin <r cos (p — Q ) — cos (v + a >) 
s~ap . sin a. 

Formulae for correcting the assumed elements by means of 
equations of condition between observed and computed position- 
angles have been published by Madler ( Astron . Nadir., vol. xvi. 
p. 36); also by Schur ( Astron. Nadir., vol. lxxi. p. 24), and perhaps 
in other papers, not at present within my reach. To be really 
efficient, such formulae require that the assumed elements 
should be fairly approximate, but a rather wide field is left for 
their useful application. In the case of elements of question¬ 
able character, or even of first attempts, the formation of the 
equations of condition ought not to be neglected, for their mere 
aspect may prove to the computer the inadequacy of the observa¬ 
tions at his disposal for a fair determination of the orbit; or 
if it does not prevent the publication of premature results of very 
doubtful value, it will at least prevent their undue acceptance 
by readers competent to form their own judgment. 

Introducing for greater simplicity, as in the case of the orbit 
of a satellite belonging to the solar system— 

sin <r sin r = + cos i 
sin <t cos t = — sin i cos (v + &>) 
cos <r = + sin i sin (v + «), 
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482 Mr. Marth, Formulae for Correcting xlyii. 8, 

the differentiation of the equations for p and s gives 

sin odp = sin r . d (v + co) 4- cos r . sin (v 4- 00}. di 4- sin <rd 8> 
dff = cos t . d (v 4* to) — sin t . sin (v 4- o>). di. 

If e and i , eccentricity and inclination, are not of small amount, 
the equations of condition between the differences of the ob¬ 
served and computed position-angles and distances and the 
variations of the assumed elements will be 

1 0 sin o’. 8p = 4- sin t . [fyi 0 4- (t — £ 0 ) 8 ?q 

t ' + p sin t . 800 

4 - sin r (sin v cos <j> 4- sin e) . 8<p 
+ p cos t . sin (v + co). di 
+ p sin <r. 8 S 3 

. 8s = 4- (cos 0 cos r . 4- tan (p sin cr sin i») . ( 8ju 0 4- (t — t 0 )8n) 

a p 

4 - p cos <r cos t . 8ca 

+ [cos o’ cos r (sin v cos (p 4- sin e) — sin o cos v cos (p) . B<|> 

— p cos o sin t . sin (v + o >). di 

4 - p sin <r. 5 «. 

a 

In cases of moderate or small eccentricity it will be safer to 
substitute 

p sin o’. 8p = + sin r . (1 4- e cos v ). [sec (p 8(fx 0 + ca) + (t — t 0 ). sec (p . Bra] 

—• sin t . (cos v + cos € cos (p + tan J</>) . 57*3 (tan <f> + 8e ) sin 8« 

4 - sin t . (sin v + sin e sec <p) . 57*3 [(tan <p 4- 8c) cos 8c*> — tan <p ] 

4 - p cos r. sin (v 4- to) . 8i 
4 - p sin o’. 80 , 

573 

- . 8s = 4- [cos o’ cos t . (1 4- e cos v) 4- e sin <r sin [sec (f> 8 (/j. 0 4- a>) 

+ (t — t 0 ) sec (f>. 811] 

— [cos o' cos t . cos v + cos £ cos <p + tan l<p) + sin or sin v ] 

- 57*3 (tan d> 4- Be) sin 8 <w 
4 - [cos or cos t . (sin v 4 - sin e sec <p) — sin o' cos v\ 

. 57*3 [(tan (p 4- Be) cos 8 a>—tan $] 

— p cos or sin r . sin (v + «) . 8i 

4 - p sin o’ 8a. 

a 
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June 1887. Approximate Elements of Binary Stars. 483 

If the assumed orbit is circular and the orbital longitude of 
the comes from the node is = u, the equations become 

sin <r 5 p = + sin r . [Bu a + (t — 1 0 ) 5 w] 

— sin t . cos w . 2<£ sin cc 
+ sin t . sin u . 20 cos « 

+ cos t . sin u . fii 

+ sin a . 8 S 3 

5 s - + cos (r cos r [ 5 m 0 + (t — t 0 ) 5 w] 
a 

— (cos o' cos r. cos u + J sin tr. sin u). 2<p sin <0 
+ (cos <r cos t . sin u + J sin <r. cos u) . 20 cos w 

— cos <r. sin r . sin u . Bi 
+ sin o'. 

a 

In case the inclination of the orbit to the plane of projection is 
not considerable, the determination of the line of nodes becomes 
uncertain, and this uncertainty develops with the decrease of 
inclination rapidly into indeterminateness. The uncertainty of 
fixing the position of the plane of the orbit may be easily esti¬ 
mated by the reflection that in order that the maximum effect of 
the inclination upon the position-angles may reach the amount 
of 

o°*5 i°-o i°*5 2 0, o 

the inclination must amount to 

io°7 i5°-i i 8°'4 2i°*2 

the corresponding maximum of the foreshortening of the radius 
vector being 

0*017 *°34 *051 0-067 

or 1 : 58 29 20 15. 

A fair determination of and i and consequently of <0 being, 
under such circumstances, not practicable, they cannot serve 
directly as elements of the orbit, but ought to be supplanted by 
such functions or such other elements as will practically represent 
whatever can be fairly established concerning the position of the 
orbit, without erring either on the one side by a display of un¬ 
trustworthy figures, or, on the other, by the assumption or sug¬ 
gestion of entire uncertainty. 

The proper selection of the most suitable elements for the 
purpose does not appear to me doubtful. The choice will be 
different, according as the eccentricity of the orbit is considerable 
or not. 

In case the orbit is so eccentric that the place of the chief 
star in the projected orbit is considerably distant from the centre, 
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Mr. Marth, Formulas for Correcting 


xlyii. 8, 


the substitution of the position-angle P of the periastre for that 
of the line of nodes as an element recommends itself at once, and 
the selection of 


tan v - 


sum sm a> cos w 
1 —sin 2 i sin 2 to 


and of k = - 


cos 1 


sm 2 1 sm* o) 


•i , 


as the two other new elements will be found a suitable one in 
the course of some simple considerations. 

If in the equations for finding^ and sin cr 


sin cr sin (p— & ) = sin (v + w) cos i 
sin <r cos (p — S 3 ) = cos (v + w) 

the true anomaly v is put = o°, they supply the position-angle P 
of the periastre and the corresponding value of sin cr, say sin <r 0 : 


sin <r 0 sin (P — £) = sin o> cos i 
sin cr 0 cos (P — S 3 ) = cos w 

and thereby 

sin 2 cr 0 == 1 — sin 2 i sin 2 a>. 


The substitution of these values in the preceding equations, 
gives 


sin <r 0 . sin <r sin (p —P) = sin v . cos i 

sin cr Q . sin cr cos (p —P) = cos v . (1 — sin 2 i sin 2 w) — sin v. sin 2 i sin <0 cos a* 


sin <r 
sin cr 0 


sin(p —P) = sin v . 


cos i 

I — sin 2 i sin 2 w 


sin <r 
sm <r 0 


. cos (p — P) = cos sin v . 


sin 2 i sin <a cos w 
I — sin 2 i sin 2 a> 


By the introduction of the position-angle 

P = P 0 + o°*oo 557 sin a. sec 5 . (t — t 0 ) of the periastre, 

and of 


cose 


1 — sin 2 i sin 2 w 


~Jc and 


sin 2 i . sin w cos ca 
I — sin 2 i sin 2 w 


= tan v 


as the new elements, the equations for finding p and s become, 
if ( s ) is written instead of 

p sin cr 
sm <t 0 

and (a) instead of a sin cr 0 or a\/ z — s in 2 i sin 2 co, 

(s) sin {p — P) = p sin v . k = sin e . & cos </> 

( s ) cos (p — P) = pcosv~p sin v . tan j/ = cos e — sin € . tan v . cos < p—e 
*-(«).« 


If the plane of the orbit coincides with the plane of projection, 
the value of tan v is = o and that of Jc = +1 or — 1 according 
as the apparent motion of the comes is in the direction of in - 
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June 1887. Approximate Elements of Binary Stars. 485 

creasing or decreasing position-angles. The values of tan v and 
of the deviation of k from dbi, which a careful discussion of the 
observations furnishes, represent fully whatever the observations 
really indicate about the inclination of the two planes and its 
direction. 

The differentiation of the last equations gives 


(s)dp = 


Ip 

W 


. pdv+p sin v . cos (p — P). 57*3 dk 

+ p sinr . sin (p — P). 573 d(tan v) + (s) dP 


57‘3 ds - ( k- - sin ^ + ^ C0S 4 p sin v cos v Tv + (s) 
(«) \ sin v . cos v . cos* v / * (s) * p 


57 ’ 3 -dp 


+ p sin ». sin (p — P). 57*3 dk— p sin ». eos {p— P). 57'3<Z (tan v) 


+ (s)^.d(a). 
{a) 


The equations of condition between variations of the computed 
coordinates and the corresponding variations of the elements of 
the orbit become accordingly: 


(«)$/>« —. cos<j>[8fi 0 + (t-t 0 ) 

( 5 ) 

+ — . (sin v cos + sin e ). Sep 
(s) 

+ p sin v . cos (p—P). Sk 
+ p sin v . sin (p — P). 8 (tan r) 

+ (5).8P 

5£3 Ss _ r (Jf _ i2iiL£g jj > + tan * . <*h sin « 

(a) y sin v . cos t;. cos- v ) (s) p 


+ 



sin (v + v ) cos (v 4 - r)\ 
sin v . cos v . cos 2 v ) 


[$p 0 + (t-t 0 ) Src] 


(sinr cos <p + sin e). 


p sin v 


— cos d >. ill] cos v . Sep • 
P 

4- p sin v . sin (p — P). Sk 
— p sin v . cos (p — P). S (tan v) 


+ (s) in.s(«) 


In case the eccentricity of the orbit is not large enough to allow 
the position-angle of the periastre to be safely treated as one of 
the elements, the most suitable new elements will be found by 
reckoning the orbital longitudes from the point of the orbit, for 
which p = o°, or where the orbit crosses the plane of the declina¬ 
tion circle to the north of the chief star. If 0/ is the orbital 
longitude of the periastre reckoned from this point, or — a/ the 
true anomaly of this point, the values of to' and of the correspond- 
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mg sin ar , say sin <r f , are derived from ilie equations, which give 
p and sin 0-, 

sin ar sin (2? — 9 ) = sin (v + «) cos i 
sin cr cos (p - S 3 ) = cos (v + co) 

by putting 

p = o° and for v its special value — 

Thus are fonnd 

sin a' sin 9 = sin («' — go) cos i 
sin cr f cos 9 = cos («' — a>) 

sin 2 <r' = 1 — sin 2 i sin («'—w) cos (a/—a>). 

The substitution of these values in the preceding or their equi¬ 
valent equations 

sin <r sinp = sin ( v + «) cos i cos 9 + cos (v + oj) sin 9 
sin cr cos p = cos (v + co) cos 9 — sin (v + co) cos i sin 9 

leads to the equations 


sin <r 
sin a' 


. sin p = sin (v + co') 


cos i 

1 — sin 2 i . sin 2 («' — o>) 


sin o' 
sin cr' 


. cos p — cos (v + «') + sin (0 + «'). 


sin 2 z . sin (co’—c 0 ) cos («' — «) 
1 — sin 2 z . sin 2 (co' — co) 


By the introduction of a/ and of 


_222!___= and sin**, sin cos K-ttQ = tan 

I - sin 2 i . Bin 2 («' — co) 1 — sin 2 i . sin 2 («' — co) 

as the new elements, which supplant Q , <0, i, the equations for 
finding p and s become, if (cr) is written instead of 

sin o' 
sin o' 


and a 1 instead of a sin cr' or as/ 1 —sin 2 i . sin 2 (w' —co), 

(o') sinp = sin (v + co') . h ' 

(cr) cosp = cos (y + w') + sin (v + co f ) . tan v' — cos (v + co' — v') sec v r 
& = a'p (o'). 


The differentiation of these equations gives 
Jc f 

p(<r)cZp —— .pd(v + a r ) + p sin (v+ a/)cosp . 57-3 

— p sin (v + co') sinp . 57*3 d (tan v') 

57V3 __ _ sin (p + &/ — v') cos (v + co' — r') \ sin (y + a/) cos (v + co') 

a’ * \ sin (v + co') cos (v + co') cos 2 v’) ’ (o') 

p d (v 4 <o'). 

+ (<r) • 57*3 dp + p sin (y 4- co') sinp. 57-3 dk' + p sin (v + co') eosp . 57*3 d (tan v') 

+ p(ff) . 
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487 


and 


pd (v + «') =* — 1 —d(jx + &>') — (cos v + cos e cos <p + tan -h/>) . tan (j>da>' 
P 

+ (sin v + sin e sec <f>) . cos tydty 

57’3 dp = tan <f> sin v d (p. + to') — sin v . tan <f>da' — cos v . cos §d(p. 


Hence the equations of condition will be 
p (<r) Sp = + . [ 5 (* + »') + Sn ] 

k' 

— — (cost; + cos e cos <p-htan \§) . 57*3 (tan <j> + 8e) sin W 
jj 

+ ^(sin v 4- sin e sec (p ) . 57*3 [(tan <p + 8y) cos Bco' — tan <£] 

+ p sin (v + &?') cos p . 57-3 dk f 

— p sin (v + w') sinp. 57*3 5 (tan v r ) 

and, if h is written instead of 


k ' 2 sin ( v + «') cos (v + «') — sin (v + co f — v') cos ( v + «' — v f ) secV, 


57 \ ds --= + 0 C ° S — + (<r) tan <p sin . [8(jtt 0 + «') + (£ — £ 0 )8w] 

\ OOP / 


Wp 

— [ — (cos v + cos e cos (j> + tan + (cr) sin y] 

(O 


A 


. 57*3 (tan <j> + Se) sin Bw f 


+ [—(sin v + sin e sec </>) —(<r) cosy] .57*3 [(tan <p + 8e) cos S«' —tan <j>] 

+ p sin (v + w') sin p . 57*3 did 
+ p sin (y + &>') cosp . 57*3 8 (tan v ') 

+ p (tr) . . 8 a'. 

Qj 


If the assumed eccentricity is o, and the orbital longitude of the 
comes, reckoned from the point of the orbit, for which p = o°, 
is called u f y the equations for finding p and s become 

(<r) sin p = sin u’ . k! 

(<r)cosp = cos u' + sin v! . tan v' = cos ( u' — v') . sec v' 
s = a! . (c) 


and the equations between the variations of the coordinates and 
the variations of the elements : 


(tr) dp - + 


1L 


[8a' 0 +(rf-f 0 )5n] 



— __ . cos u'. 2d> sin «' 

(«■) 

jj 

+ — . sin u' . 2 <p cos a>' 

( ff ) 

+ sin u '. cosp . 57*3 8^:' 

— sin u'. sinp . 57-3 8 (tan v') 
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and, if h r is written instead of 


£, 2 __ sin (u' — v ') cos (V — v') 
sin u’ cos u’ . cos 2 / * 


573 

a’ ' 

* , h! 

. 5s = + -—- . 

(*) 

sin u’ cos u '. [5m' 0 + (t—1 0 ) 5»] 


~(JL 

\( <r ) 

, cos 2 m' +J (<r) 

^ . sin u '. 2(f> sin a' 


+r- 

\(< r ) 

. sin 2 u f — 

. cos u' . 2 <f) cos 00 r 


+ sinw'. sinp . 57*3 W 
4-sinti'. cosj). 57*3 5 (tan v r ) 

+ (<r). . 5 a'. 

CO 


The geometrical meaning and the mutual relations of the various 
arcs and angles employed will be easily recognised with the help 
of a diagram constructed to indicate their significance on a sphere 
which has the chief star of the binary system in the centre. Let 
E denote the astral position of the Earth (in right ascension 
a+180 0 and declination — S) ; 0 that of the crossing point of 
the declination circle and of the circle representing the plane of 
projection; 0 that of the (positive) pole of the orbit, so that 
EO = i ; Q' the position of the point of the orbit where it crosses 
the declination circle; £3 that of the point where it crosses the 
plane of projection; P the position of the periastre ; S that of 
the satellite when its true anomaly is v. Further, let P, be the 
point where the arc EP or its prolongation meets the circle of 
projection; and P' and 0 ' the points where the arcs OP, and 
00 or their prolongations cross the orbit. 

The various arcs and angles are 


i =EO =0&E 
£=C£ =CE& 
w=SP =$ 30 P 
r = P8 =P03 
r = PP =P'OP 
«'=a'P — S3 'OP 

w ~w — So £2 — S2 0 


p = CES 
P = CEP 
<r = ES 

<r' = E&' 
r= &SE 
oec=9o°— a 
POE = 90° — c0 


The arcs between any point of the orbit and 0 , and between 
any point of the circle of projection and E, are, of course, 
all = 90°. 

The values of to. i, S3 , a, corresponding to the values of h, 
tan v, P, (a), or of Jc f , tan v', of, a ' may be found by means of 
the formula) 
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June 1887. Approximate Elements of Binary Stars. 


7 sin 2a> = 2 tan p 
7 cos 2cu = I — k 2 — tan 2 v 


sin 2 i = ——-L- 

1 + 7 sir co 

sin (T 0 sin (P— S3 ) = sin tocos i 
sin <r 0 cos (P — Q) = cos a? 

(a) 

a = -> 7 . 
sin tr # 


7' sin 2 («' — w) = 2 tan v' 

7' cos 2 («' — 0) = i — Jc n —tanV 

sin-z =- r J r _ 

1+7' sin 2 (a/ — a>) 

sin tr' sin S3 = sin (cy' — &>) cos i 

sin <r' cos & = cos (cy' - co) 

a ' 

& — — - . 

si 11 <7' 


If A? =f i and tan v or U t i and tan r' are of small amount, 
small variations of their values produce obviously large varia¬ 
tions in the corresponding values of co, i, Q . The uncertainty 
in which semicircle <0,0)', £3 are to be taken arises, of course, 
from the uncertainty which part of the true orbit is on the 
positive side of the plane of projection or in front of it. If the 
apparent motion of the comes in the direction of mcreasing or 
decreasing position-angles is to be treated as analogous to direct 
or retrograde motion of the bodies of our solar system in 
reference to the ecliptic, the Earth is at the positive pole of the 
plane of projection, and the ascending node ££ ought to be 
where the comes passes from the further or negative side of the 
plane of projection to the positive side or to that from which the 
observations are taken. The uncertainty whether the position- 
angle Q belongs to the ascending or descending node must be 
allowed for in transferring the position of the orbit from the 
plane of projection to a plane parallel to the terrestrial equator, 
or to some other fundamental plane. If J denotes the inclina¬ 
tion of the plane of the orbit to that of the equator, 1 ST the 
longitude or right ascension of the ascending node, and Q the 
orbital longitude of the periastre reckoned from N, the values 
of J, N, Q are derived from those of i, Q , co, and of a, 8 , the right 
ascension and declination of the star, by means of the formula 


sin J sin (a — N)= ± sin S 3 sin i sin 8 +cos i cos 8 
sin J cos (a — N) = ± cos S 3 cos i 
sin J sin (Q,— co) <= ± cos S 3 cos 8 
sin J cos (Q,— a>) = t sin£ 3 cos 8 cos i — sin 8 sin i 
cos J = ± sin Socos 8 sin i — si n 8 cos i 


or by equivalent formulae, the upper or lower signs being valid 
according as the value of Q refers to the ascending or descend¬ 
ing node of the orbit on the plane of projection. 

The apparent orbit of the comes may be laid down in the 
ordinary way by employing the semiaxes a and ft of the apparent 
ellipse and their position-angle 0 deduced from the elements. If 
II is the position-angle of the centre of the apparent ellipse at 
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the place of the chief star, and S its distance, the values of 
II, S, 6 , a, ft may he found by the formula 

S sin (n — £2 ) — ~ cte . sin co eos i 
S cos (II— Q>) — — ae . cos 00 

(ar — & 2 ) sin 2 (0 — £) = S 2 . sin 2 (II- &) = are 2 . sin 2 &> cosi 
( a 2 _£ 2 ) cos2(0- £) = S 2 . C 0 S 2 (II- £) + tf 2 eos 2 $ . sin 2 i 
= are 2 . cos 2 to + a 2 sin 2 i (1 — e 2 cos 2 co) 
a 2 + j8 2 = S 2 + a 2 cos 2 <p(i + cos 2 i) = 2 a 2 - are 2 - a 2 sin 2 i (1 — e 2 cos 2 a >). 


It will, however, be found more instructive to compute the 
apparent positions corresponding to a number of points of the 
true orbit, and to lay them down, together with the terminal 
points of the axes of the apparent ellipse, which may serve in 
drawing the latter. The eccentric anomalies c in the true orbit 
which give the terminal points of the axes of the apparent 
orbit may be found from the equation 


tan2e = 


— sin 2cc . cos (j> 

cos 2ce — 6 2 cos 2 w-bc 2 . cosec 2 i ’ 


or, in case h and tan v are the given elements, from 


tan 2e = 


2 tan v sec (p 
Jc 2 + tan 2 v — sec 2 <p ’ 


or, if y and tan v f are given, from 

__ (&'eos j/) 2 sin 2eo' — sin 2[a> f —v') 

an 2e— cos <p . (£' cos */) 2 cos 2 co'— cos 2 (a/ — v') + e 2 [(7i f cosv') 2 cos 2 a'— sin 2 (a/ — v’) 

The minima and maxima of the apparent distance of the two 
stars, and consequently the points of the greatest and least 
change of position-angle, may be found most conveniently by 
determining the true anomalies v, which satisfy the equation 


sin 2(v + co) 
sin ('y + co —coj 


= 2 e cotg 2 i. 


COS CO 
COS a?/ 


in which tan oq = tan co. sec 2 i, and which is to be solved in¬ 
directly. 

This is a biquadratic equation, and, when developed, takes 
probably its simplest form if tan \ (v + w) is made the unknown 
quantity. When written out in full the equation becomes 

tan 4 Mv + a) -f 2 CQS -- . (e cos co + tan 2 i ) . tan 3 %(y + co) 
e sin co 

+ 2 C . QS — . (e cos co — tan 2 i ). tan ^(v + co) — 1 = o, 
e sm co 


and the coefficients show that of the four roots of the equation 
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two are imaginary, or else that all four roots are real, according as 
the values of the two terms 

e cos to + tan 2 i and e cos co — tan 2 i 

have the same or opposite signs. 

This biquadratic equation is identical with the equation 
which determines the minima and maxima of the x ordinates of 
those instructive curves, the “ ecliptical intersects ” of the orbits 
of planets and comets, which, as I have explained in vol. xlv. of 
the Monthly Notices, will be found very serviceable in recog¬ 
nising the chief peculiarities and mutual relations of the orbits, 
and especially helpful in solving the problem of their proximities, 
provided, of course, that they are accompanied by the data neces¬ 
sary for the purpose. If there are no imaginary roots of the 
equation, so that there are two minima and maxima, the 
intersects become specially characteristic, as is the case with 
those of many cometary orbits, a few instances of which may be 
recognised on the reduced specimen plates published in vol. xlv. 

If, instead of <0 and i, h and tan v are the given elements, the 
equation for finding the true anomalies q, which furnish the 
points of min. and max. distance from the chief star in the 
apparent orbit, will be 

o = (& 2 + tan 2 v — 1) sin zv 2 tan v cos zv + 2e[(k- + tan 1 ’ v) sin r — tan v cos r J; 
or, putting g sin G = — 2 tan v , 

g cos Gr = Jc 2 + tan 2 v — j, 
h sin H = —tan v, 

Ti cos H == Ti 2 + tan 2 v, 

sin (zv + G) _ _ h 
sin (v + H) ’ g ' 

which is to be solved indirectly. 

If <*/, ¥, tan V are the given elements, the corresponding 
formulas are 

g' sin Gr / =s 2 tan v'\ 

g' cos = E ‘ 2 + tan 2 v' — 1, 

h! sin H' = — sin (&/ — v') sec v', 

hf cos 7 d 2 cos &/ — sin v '. sin (a/ — v'). 

sin \ z(v 4 - af) + Gr f ] _ _ h' 
sin {v + w' + Jd') - g 

A special case still requires to be considered—the case in 
which one of the components of a binary system is invisible or 
unobserved, so that the orbit of the visible component round 
the centre of gravity of the system has to be determined 
from its observed right ascensions and declinations referred to 
those of other stars. The prospect of a fair determination 
must remain unpromising if the observations do not extend at 

N Iff 
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least over a full revolution, so that an approximate value of the 
period, or of the annual motion ti, may be inferred with some 
confidence. If n, e , /x 0 , a/, a', fe', v 7 are the seven elements of the 
orbit, the rectangular coordinates of the visible star (in right 
ascension a and declination 8) referred to the centre of gravity 
(in right ascension A and declination D) and to the circle of 
declination, are given by the equations 

15 cos 5 (a — A) — s sin ‘p = a f k’. p sin (v + a/) 

8 — 1 ) =s cosjp = a' sec v'. peos (v + — v r ). 

The values of a and 8 are therefore 

n !JJ 

a = A +-- . p sin (v + a/) 

15 cos 0 

5 = D + W sec v '. p cos (v + a/ — v'). 

Introducing the eccentric anomaly €, instead of the true anomaly 
t>, and putting 

k x sill sin a'. 

k ] cos Wj = a'k f . cos a/ cos <f> 

*1 

15 cos 5 

aD( J k 2 sin w 2 = a' sec 1/'. sin (a/ — j/) cos <p 

K u cos ft> 2 = a' sec r'. cos (&/ — *'), 

thu values of a and 8 become 

a = A — 0 . k s sin w, + k s . sin (e + t^) 

8 == D 2 - e . k 2 cos w 2 + k 2 . cos (e +- « 2 ), 


and show that of the seven elements or functions of elements of 
the orbit only five («, ju. 0 , kS sin. aq, k s cos oq) can be deter¬ 
mined from observed right ascensions alone, and five (w, ^ e ; 
k 2 sin coj, /co cos a, 2) from declinations alone. 

The first approximate values of the unknown quantities may 
be got by deducing from the observations the maxima and 
minima of the rectangular coordinates, with the times corre¬ 
sponding to them, and also the times when the coordinates, in 
reference to some approximate values of A and D, are o. If, in 
the case of observed right ascensions, r and r x are these latter 
times, and 0 and 0 \ the times of max. and min. of a —A, approxi¬ 
mate values of the unknown quantities are derived from 

2e° sin coj = 180 0 — (r, — t) n 
2e° cos o) i — — 0 ) n — 180° 

max.-inin. = 2/c s 

max. + min. —2 (SA — e . k s sin = 

and the mean anomaly at the time t will be 

= - Wj4- e° sin w 1 . 
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June 1887. Approximate Elements of Binary Stars. 

If, in the case of observed declinations, O' and are the 
times of the max. and min. of 8 —D, and r and rh the times 
when the difference is o, so that the four times follow in the 
order O ', V, O ',, t'j, approximate values of the unknown quanti¬ 
ties are got from 

2 e° sin w 2 = 1 8o° — ( 9 r , - 9 ') u 
2e° cos <a . 2 = (V, — r') n — l8o a 
max.' — min/ = 2k . 2 

max.' + min.' = 2 (5 D — e . k, cos a>.j = 2c 8 

and the mean anomaly at the time t will be 

= 90° — — e° cos oo.y. 

As the observed right ascensions alone leave it uncertain 
whether k' and consequently k s is positive or negative, proper 
circumspection must be exercised to settle the point with the 
help of the observations in declination; and, if required, 180° 
must be added to the deduced value of aq, so that the longitudes 
in the orbit may be reckoned from the point where the orbit 
crosses the declination circle on the north side of the centre of 
gravity. 

The formulae for correcting assumed approximate values of 
the elements or functions of elements are, if the observations in 
both coordinates are treated separately : 


s/ * n , COS if+W.) 

5 (a - A) = +--- - 

1—6 cos e 

+ cos (e + Wj) 
l—e cos e 


57 3 

sin e . K'Se 


+ cos e . S (fc s sin a>,) 

+ sin c . S (k s cos Wj) 4- 5c‘ . . . 


5 (5 —D) = 


sin (e + co 2 ) 
l — e cos e 


57'3 


sin (e + 
i—e cos e 


. k„S e 


— sin e . 5 (k 2 sin a> 2 ) 

-f cos e . 5 (k„ cos &>.,) + Se. z . . . 


The two series of results have three unknown quantities, 
Spa, in common, the most probable values of which must 

be found by properly combining the equations of the two series. 
From the values of the other quantities are found 


and 


a!k' . sin a>' = 15 cos 5 . k s sin u l 

a!k’ . cos «'=> 15 cos 5 . k 8 cos o>j . sec (p 

a' sec v' . sin («' — v ,s ) — sin o>. 2 . sec <p 
a ' sec v' . cos (V — v') — k, cos oj 2 . 

N N 2 
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If the eccentricity of the orbit is not large enough to allow S/x 0 
to be made directly one of the unknown quantities, and it is 
preferred to treat j ah\ tan v’ directly as the elements, and to 
determine the coordinates by 

15 cos 5 , (a - A) ~ x = a'k’ . p sin (v + «') 

8 — T)=y*=a' . p cos (v + (o')-\a f . p sin(v+ (o') . tan / 

— a' sec / . p cos (v + co' — /), 

the equations of condition between the differences of the ob¬ 
served and computed coordinates and the corresponding varia¬ 
tions of the elements become 

8x — 4 [cos (v + a 1 ) + e cos &/] . Id . —^ [5 (/ 4 0 4- od) + (t — 1 0 ) oti\ 

57 3 

— [cos (v + c/) (cos e . cos (p 4- tun |<£) + cos &/] . 7/ . tf/ (tan (p + 8e) sin 8 co' 

+ [cos (v + co') sin e — sin co' cos <^>] . Id . o! [(tan <p + 5e) cos 8(o' — tan <£>] 

4 -~L . S(u'k')+ 15 cos 5 .5A . . . 
o'# V ' ■ ■ 

5;/ ~ — [sin (v + m' — v') + e sin (a/ - /)] sec v' . — e ~ - [5 ( ( u 0 + co r ) + (t —1 0 ) ?m] 

57 3 

+ [sin (v + /)(cos e . cos <p + tan ^<p) 4- sin («' — /)] .sec/ 

. a! (tan <p 4 - 8e) sin 8co' 

— [sin (v-t - co' — /) sin e + cos (co' — v') cos <p] . sec v 

. a' [(tan <p + he) cos 8co' — tan </>] 

+ p sin (v + co') . a' 8 (tan /) 

+ " . 5a' + 5D ... 

a 

from which the most probable values of the corrections are to be 
deduced. The elements w, %, are then found by the formulae 
previously given. 


- Observations of Nova Cygni, of some of the Planets , and of Comet 

Barnard, made at Mr. Wiggleswortlds Observatory with the 

i^-^-inch Cooke Equatorial. By J. G. Lohse. 

* 

Nova Cygni. 

1885, Sept. 1 .—Nova Cygni is of the same brightness as the 
small star of the 15th magnitude north preceding of if. No 
change in the brightness of the other stars, which were all seen, 
could be made out. 

Oct. 3 .—Nova Cygni was examined with a magnifying power 
of 260. It has become a little brighter, and is only 0*3 mag. 
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